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ON FRAGMENTABLE COMPACT LINES
ANTONIO AVILE´S, GONZALO MARTI´NEZ-CERVANTES, GRZEGORZ PLEBANEK,
AND STEVO TODORCEVIC
Abstract. We prove that if a compact line is fragmentable, then it is a Radon-Nikody´m
compact space.
1. Introduction
Let X be a topological space and let d : X × X −→ [0,∞) be a metric on X . We do
not assume that the topology on X coincides with the topology induced by d. In fact, we
consider the following two weaker conditions:
• We say that d fragments X if for every nonempty subset Y ⊂ X and for every ε > 0
there exists a nonempty relatively open V ⊂ Y of d-diameter less than ε, that is
sup{d(x, y) : x, y ∈ V } < ε.
• We say that d is lower semicontinuous if for every r > 0, the set
{(x, y) ∈ X ×X : d(x, y) ≤ r}
is closed.
A compact space K is fragmentable if there exists a metric that fragments it, while it is
called a Radon-Nikody´m (RN) compact if there exists a lower semicontinuous metric that
fragments it. These classes of compacta arise in the theory of nonseparable Banach spaces,
where they play a prominent role in problems concerning differentiability, renorming and
others, cf. [4, 10]. Answering a problem by Namioka [9], Orihuela, Schachermayer, Valdivia
[11] found the first examples of fragmentable compact spaces that are not Radon-Nikody´m.
These were all the Gul’ko non-Eberlein compact spaces, like those constructed by Talagrand
in [15, 16].
By a compact line we mean a linearly ordered set that is a compact space in the topology
generated by the base of open intervals. Fragmentability of compact lines was considered in
[2], where it was asked whether a fragmentable compact line must be Radon-Nikody´m com-
pact. A positive solution to this problem appeared in a preprint by Smith [14]. However,
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that proof happened to contain a gap, a fact communicated to us by its author, and for
that reason the preprint was never published. In this note, we will give a proof that indeed
every fragmentable compact line is RN. Our argument makes use of a characterization of
σ-scattered orders due to Ishiu and Moore [5].
2. Preliminaries
We first recall some basic facts about stationary sets, see Definition 8.21 and onwards in
Jech’s book [6]. We write [K]ω for the family of all countable subsets of a set K. A family
∆ ⊂ [K]ω is said to be a club if
(i) ∆ is closed, that is, for every increasing sequence M1 ⊂M2 ⊂ . . . of elements of ∆ we
have
⋃
nMn ∈ ∆;
(ii) ∆ is unbounded, that is, for every M ∈ [K]ω there exists N ∈ ∆ such that M ⊆ N .
The family {M ∈ [K]ω :M0 ⊂M}, for a fixed countableM0 ⊂ K, is an obvious example
of a club. The countable intersection of clubs is a club.
A set S ⊂ [K]ω is stationary if it interesects every club. Thus, a set is said to be
non-stationary if it is disjoint from some club. Countable union of non-stationary sets is
non-stationary. The pressing-down or Fodor’s lemma in this setting asserts that if S ⊂ [K]ω
is stationary and f : S −→ K satisfies f(M) ∈ M for all M ∈ S, then there is a stationary
subset S ′ ⊂ S where f is constant, see [6, Theorem 8.24].
Let us now fix a compact line K, and let L be the set all elements of K that are either
left-isolated or right-isolated in K, that is
(1) L = {x ∈ K : (∃y ∈ K \ {x}) [min(x, y),max(x, y)] = {x, y}} .
For the rest of this section we suppose that K is a zero-dimensional compact line. Then
for every x < y in K there exist u, v ∈ L such that [u, v] = {u, v} and x ≤ u < v ≤ y;
otherwise, there would be an element between any u, v ∈ [x, y] and the interval [x, y] would
be connected. Consequently, every element x ∈ K \ L can be expressed as a supremum of
a subset of L that does not have a supremum in L, and therefore K is the completion L̂ of
L in the sense of [5].
A linear order Z is said to be scattered if it does not contain any copy of the usual linear
order on Q. A σ-scattered order is one that can be written as a countable union of scattered
suborders.
We shall use the following concept introduced in [5] (here L is defined by (1)).
Definition 2.1. Given x ∈ K and a set M ⊂ K, we say that M captures x if there exists
z ∈ M such that only finitely many elements of M ∩ L lie between x and z.
Obviously, this is equivalent to saying that there exists z ∈ M such that no elements of
M ∩L lie strictly between x and z. Thus, the phrase M does not capture x means that for
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every z ∈ M there is y ∈M ∩L strictly between x and z. It is convenient to rephrase this
in a different way. Given M ⊂ K and x ∈ K, consider
(2) x0M = sup{y ∈ L ∩M : y < x} ∈ K,
(3) x1M = inf{y ∈ L ∩M : y > x} ∈ K.
Lemma 2.2. M does not capture x if and only if [x0M , x
1
M ] ∩M = ∅.
In the next section we use a result of Ishiu and More characterizing σ-scattered orders
L in terms of stationary sets in [K]ω consisting of countable subsets of K that capture all
the elements of L.
3. The main result
We first show that a fragmentable compact line is RN compact provided it is zero-
dimensional, and then conclude the general case in Theorem 3.2 below.
Theorem 3.1. Let K be a zero-dimensional compact line and let L be defined by (1). Then
the following are equivalent:
(i) K is fragmentable;
(ii) Γ = {M ∈ [K]ω : ∃ x ∈ L not captured by M} is non-stationary subset of [K]ω;
(iii) L is a σ-scattered order;
(iv) K is Radon-Nikody´m compact.
Proof. [(i) ⇒ (ii)] Suppose that K is fragmented by a metric d but Γ is stationary. For
every M ∈ Γ we choose an element xM = x ∈ L that is not captured by M , and x
0
M and
x1M the corresponding elements of K defined by formulas (2) and (3). Since x
0
M and x
1
M are
not in M , to every M ∈ Γ we can associate an increasing sequence (viM) ⊂ L ∩M whose
supremum is x0M and a decreasing sequence (w
i
M) ⊂ L ∩M whose infimum is x
1
M .
Note that x0M 6= x
1
M for every M ∈ Γ. Indeed, otherwise we would have x
1
M = x
0
M =
xM ∈ L so xM would be isolated neither from the left nor from the right, which is in
contradiction with the formula (1) defining L. Consequently, d(x0M , x
1
M ) > 0 for every
M ∈ Γ, and there must exist n < ω such that the set
Γn = {M ∈ Γ : d(x
0
M , x
1
M ) > 1/n}
is stationary.
Claim. The set
A = {M ∈ Γn : ∃ i < ω : {N ∈ Γn : v
i
M < x
0
N < x
0
M} is non-stationary}}
is non-stationary.
Proof of claim. Suppose that, on the contrary, A is stationary. Then, without loss of
generality, we can assume that the fact that M ∈ A is witnessed by the same i < ω. By
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the pressing down lemma we can find a stationary set A0 ⊂ A such that v
i
M = v for all
M ∈ A0. Let ξ = sup{x
0
M : M ∈ A0}. The set A1 = {M ∈ A0 : ξ ∈ M} is stationary.
If M ∈ A1, then notice that x
1
M < ξ (otherwise ξ ∈ [x
0
M , x
1
M ] ∩M = ∅). Thus, for each
M ∈ A1 we can choose w
i
M < ξ. Using the pressing down lemma again, we can find w
such that A2 = {M ∈ A1 : w
i
M = w} is stationary. Since ξ is the supremum, we can find
P ∈ A0 such that w < x
0
P . On the one hand, {N ∈ Γn : v < x
0
N < x
0
P } is non-stationary
since P ∈ A. On the other hand, that set contains A2 which is stationary, a contradiction.
Now, once the claim is proved, a similar argument gives that
B = {M ∈ Γn : ∃ i < ω : {N ∈ Γn : w
i
M > x
1
N > x
1
M} is non-stationary}}
is non-stationary.
We now examine the set
P = {x0M , x
1
M : M ∈ Γn \ (A ∪B)} ⊂ K.
By fragmentability, this set should have a nonempty relative open subset of diameter less
than 1/n. Suppose W ⊂ P is such an open set; we can assume that W is a relative open
interval, and that it contains a point of the form, say, x0M . Then, since M 6∈ A there are
stationarily many x0N in W ∩ P with x
0
N < x
0
M . There will be some of these N such that
M ⊂ N and x0M ∈ N , because there are club many such N ’s. Since N does not capture xN
and x0M ∈ N , we must have x
1
N ≤ x
0
M . Thus x
0
N , x
1
N ∈ W , but d(x
0
N , x
1
N ) > 1/n because
N ∈ Γn, a contradiction.
[(ii)⇒ (iii)] This is the content of Theorem 2.11 of [5].
[(iii)⇒ (iv)] Let L− ⊂ L be the set of all right-isolated elements of K, that is
L− = {s ∈ K : ∃s+ > s : [s, s+] = {s, s+}}.
If L is σ-scattered, then so is L−, and we can write L− =
⋃
n Sn where each Sn is a scattered
ordered set. We can suppose that S1 ⊂ S2 ⊂ . . .. Since K is zero-dimensional, for every
x < y there is s ∈ L with x ≤ s < y.
Define a function d on K ×K given for x < y by the formula
d(x, y) = 1/n, where n = min{k : ∃s ∈ Sk : x ≤ s < y}.
Then d is easily seen to define a metric, in fact d(x, y) ≤ max{d(x, z), d(z, y)} for every
x, y, z ∈ K. Let us check that d is lower semicontinuous. For this it is enough to notice
that if we take x < y such that d(x, y) = 1/n > r, and s ∈ Sn such that x ≤ s < y, then
the product of half-lines
(−∞, s+)× (s,∞),
is a neighbourhood of (x, y) ∈ K ×K in which all the pairs are at distance greater than r.
Now it remains to check that the metric d fragments K. Suppose, on the contrary,
that there is a nonempty subset Y ⊂ K all of whose nonempty relative open subsets have
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d-diameter at least 1/n. For every finite sequence of 0’s and 1’s σ ∈ 2<ω, we define, by
induction on the length of σ, a nonempty relative open interval Zσ ⊂ Y and sσ ∈ Sn as
follows.
We start with Z∅ = Y . Given Zσ, we find two points x < y in Zσ with d(x, y) ≥ 1/n, we
pick sσ ∈ Sn such that x ≤ sσ < y, and we define
Zσ⌢0 = Zσ ∩ (−∞, s
+
σ ), Zσ⌢1 = Zσ ∩ (sσ,∞).
Then Zσ⌢i are again nonempty open relative subintervals of Y .
Once the construction is done, it gives the set {sσ : σ ∈ 2
<ω} ⊂ Sn, which is a countable
ordered set such that between every two points there is a third one. The classical theorem
of Cantor implies that this set is order-isomorphic to Q, which contradicts that Sn is a
scattered order.
Finally, the implication (iv) ⇒ (i) is evident from the definitions, and the proof is
complete. 
Theorem 3.2. If K is a fragmentable compact line, then K is Radon-Nikody´m compact.
Proof. Let d be a metric that fragments K. For every n find a maximal family Fn of
pairwise disjoint closed infinite intervals of K of d-diameter less than 1
n
, and let
Kn = K \
⋃
{(a, b) : [a, b] ∈ Fn}.
The set Kn is clearly compact; let us check that it is also zero-dimensional.
Set x, y ∈ Kn with x < y. If (x, y) contains a finite open interval, we are done. Otherwise,
by fragmentability, it contains an infinite open subinterval of diameter less than 1/n, which
contains a further infinite closed subinterval of diameter less than 1/n. The maximality
of Fn provides an interval [a, b] ∈ Fn with [a, b] ∩ (x, y) 6= ∅. Since x, y ∈ Kn, we get
that x, y /∈ (a, b). This implies that x ≤ a < b ≤ y, which in turn proves that Kn is
zero-dimensional.
It follows from Theorem 3.1 that the compact space Kn is RN. For every [a, b] ∈ Fn fix a
continuous nondecreasing function f(a,b) : K −→ [0, 1] such that f(a,b)(a) = 0 and f(a,b)(b) =
1. Let P (Kn) be the compact space of probability measures on Kn endowed with the weak
∗
topology, that is the coarsest topology that makes the functional µ 7→
∫
h dµ continuous,
for every continuous function h : Kn −→ R. Consider the function Φn : K −→ P (Kn)
given by
Φn(x) =
{
δx if x ∈ Kn,
Φn(x) = (1− f(a,b)(x))δa + f(a,b)(x)δb if x ∈ [a, b] ∈ Fn.
Observe that Φn : K −→ P (Kn) is weak
∗ continuous: take any continuous function h :
Kn −→ R. Then∫
h dΦn(x) =
{
h(x) if x ∈ Kn,
(1− f(a,b)(x))h(a) + f(a,b)(x)h(b) if x ∈ [a, b] ∈ Fn,
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which plainly shows that the mapping x 7→
∫
h dΦn(x) is continuous.
Consider now the diagonal mapping
Φ : K −→
∏
n
P (Kn), Φ(x) = (Φ1(x),Φ2(x), . . .).
Then Φ is continuous and it is, moreover, injective: observe for any x, y ∈ K with d(x, y) ≥
1/n we have Φn(x) 6= Φn(y), so the mappings Φn separate points of K.
We conclude thatK is homeomorphic to a closed subspace of
∏
n P (Kn). The class of RN
compacta is closed under countable products and under the operation of taking the space
of probability measures, see [9]. Hence, K is RN compact, and the proof is complete. 
4. Final remarks
One may wonder whether Theorem 3.2 can be generalized to a class of compact spaces
larger than the class of linearly ordered compact spaces. Since the class of RN compact
spaces is closed under taking subspaces and under countable products, it can be easily
checked that Theorem 3.2 also applies to countable products of compact lines.
A natural class which generalizes both the class of linearly ordered compact spaces and
the class of RN compact spaces is the class of weakly Radon-Nikody´m (WRN) compacta
(see [8] for the definition). Nevertheless, S. Argyros proved the existence of Gul’ko WRN
compact spaces which are not Eberlein (see [1] and [7, Section 2.4]). As we highlighted in
the Introduction, every Gul’ko non-Eberlein compact space is an example of a fragmentable
compact space which is not Radon-Nikody´m. Therefore, we cannot change compact lines
by WRN or Gul’ko compacta in Theorem 3.2.
Notice that the class of fragmentable compact spaces is stable under continuous images
[12]. Another remarkable example of a fragmentable compact space which is not RN is
the one constructed in [3], which indeed is a continuous image of a RN compact space.
Nevertheless, one might expect that Theorem 3.2 can be extended to continuous images of
compact lines:
Problem 1. Is every continuous image of a compact line Radon-Nikody´m provided it is
fragmentable?
Recall that the class of continuous images of compact lines coincides with the class of
monotonically normal compact spaces by a result of M.E. Rudin [13].
On the other hand, every zero-dimensional compact line can be obtained from a metric
compact space with inverse limit systems consisting of simple extensions. In the Boolean
algebra setting, these extesions are called minimal extensions and the Boolean algebras
obtained by this process are known as minimally generated Boolean algebras. We do not
know the answer to the following problem:
Problem 2. Is the Stone space associated to a minimally generated Boolean algebra RN
provided it is fragmentable?
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